Solution for Stats 369, HW1

Chen Cheng

Exercise 1.1.
We copy here the definition of various quantities.

Y = ik + W,
1
W =—— G™,
VEkln 7;

Hn,x,6,n(do) :m exp { 00 (Y,0%%) + nh(v, 0>} vo(do),

Zn (B, A\, h) :/

exp { nfs (Y, 0'®k> + nh<v070'>} vo(do),
gn—1
D(5,\,h) =1 Elog Z,(5, \, ).

X() :’U6®k7
0,1(Y) :/s _ Tkngan(do),

X\Bﬁ(Y) :/ U®kun7ﬁ7,\,h(d0).

Sn—1

To verify Equation (1.1.16), we have

o0, 10
W(ﬂ’)\’h) *EE{%IOg Zn(B, A h)}
1 1 9

- E{ /Sn1”<’vo,0>exp{ o <Ya0®k>+h<’vo,0>}1/o(d‘7)}

20k)

n

=E{ (vo, 0) ptn g n(do) }
Sn—l

=E{(vg, 0g,n(Y))}.



To verify Equation (1.1.17), we have

0%, 1 a
1 1 0
EE{Z )

g1 o ns ok ok
nIE{Zna)\/Sn_lexp{ Mg + W, a®%) + h(vg, o) p vo(do)}

yZnt

2(k!)
1 ng

Zn /2(R))

=E{ (v0,0)* i g2 n(do)}
Sn—l

B —
zmmxo, X5n(Y))}

20k!)

Exercise 1.2.

(a)

Given Y1,...,Y,, the likelihood function for (vg, A) gives
b 1 n
I | — _ _ ®112
E(UO,A ma 7Yn) _log{l:1 Zl exp{ 2(“)”“ )‘l’UO ||F}}

n
:Z—MHYZ—/\;U?ZH%—FCOHS‘C.
=3 5 YL uEY) = A (0, 0®)) + C()

k
= L(%(}ﬁ,v h =)+ o)

st. vy eSSt
For A unknown, maximizing over A is easy. We have
£(vg) :supé(vo,/\;Yl, LY

k
—sw 3 ﬁmzmvo Y-+ C(v)

k
= Z s (Y- v 1o,
Thus, the MLE solve the following problem
|
max Z ﬁ<Yl,v6®l>
=1
st vy e St

<”6®k,0'®k>/ eXP{ nf (A”§k+wva®k>+h<’0070’>}1/0(d0')}
Sn—l



Assuming a uniform prior v(de) on the unit sphere, the posterior distribution gives

HBayes (dor) = / Hexp{ 1Y = he o)
Bayes(A) n—1

Z— / Hexp{ L1, ) b (dor)

nlll

(b)

We consider the following family of probability measure indexed by n, A, 8, h

k
A
Hnxpn(do) =— (Alﬁ h) Hexl@{‘nlllé (Y1,0%") + nh(vo, o) }ro(do).
n b ) l:1 *

(20)

In particular, as f = 400, this measure corresponds to MLE estimator. As 8 = 1, this measure corre-

sponds to Bayes estimator.

(c)

First, let’s calculate

e[

{[/Sn IHGXP{ l, vy, o) + n?l’B<W o®) + nh{vy, o >}V0(da)] }

L1

First we calculate the expectation
n\iB
Elexp{—; > w
a=1

_ x n)‘lﬂi T o l
([ (" m«;,;( O

—Efexp \f/\zﬁ Z

> + nh(vg, a’>}u0(da)1 }

:exp{n)\lzﬂz i <Uavab>l}'

21!
a,b=1

Thus, Equation (21) gives

k r r r
. a nAZp u nAZp? u
E[Z]] :/S [[exp{nhd (0% 0%) + lf > (%0 + 2ll, (0%, 6" Yy y1(do)
it a—1 :

a=1 Toab=1
Consider the (r + 1) x (r + 1) matrix Q= (@ab)oga,bgr defined by

Qup = (0,0, fora,be{0,1,...,r}.

Z<a o +nhza o }E[exp{mlﬁz ") o1 (o).

(21)

(27)



Denote by f,, »(Q) the joint density of the random variables (@ab)ogabgr when 0%, 6!, ..., o" are distributed

according to vy .41 = Vg X -+ X 1. We then have

k s 2
7= [Tlewind au+ 00y > ah+ LIS Qs (QQ. (28)
=1 a=1 :

a,b=1

In lecture notes we already computed that

Frr(@Q) = det(Q)"/2.
Thus, we get

k r 2
BZ7] =swpesp(3 (0 3 Qo + "1 ZQoa 4 A Z Qo t ITog(@)) (29)
=1 a=1 '

=exp{nsup S(Q)}, (30)
Q

where

k r AZQB T l )\12,82 r l 1
S(Q) =D {1 Qoat+ T Y Qb+ “h D Quu}+ 5 Trlog(Q).
=1 a=1 T oa=1 " oab=1

The replica symmetric ansatz gives

Qaa =1, forae{0,1,...,r}, (31)
Qoa =b, forae{l,...,r}, (32)
Qup =q, fora#babe{l,... r} (33)
Thus, we have
)\25 )\252 >\2ﬁ2
RS) l l l
S(Q Z{herr I b+ STTRATT r(r—1)q¢'} (34)
1 rb? 1 rq 1
and
_ )\lﬁ B . b2 q 1

Prs(b,¢; 5, X, h) Z{hb+ ar 1 s tag g Tale 0. (36)

The free energy density gives
¢(8, A, h) = sup inf ®rs(b, ¢; 5, A, h). (37)
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Exercise 1.4.

(a)
Due to Markov inequality, we have

EZ,

P(Z, > EZ,) < ——2n
(Zn 2 exp(en) ) exp(en)EZ,

= exp(—ne). (38)
Due to Paley-Ziegmund inequality, we have

P(Z,, > exp(—ne)EZ,) > (1 - eXp(_ne))z[

S



Thus,

1 2 1
= logP(Z,, > exp(—ne)EZ,) > = log(l — exp(—ne)) + — log(
n n n
The last equality is because equation (1.6.9). This implies that
P(Z,, > exp(—ne)EZ,) = exp(—o(n)).
The above equation can also be interpreted as, for any €9 > 0, we have
lim exp(neg)P(Z,, > exp(—ne)EZ,) — cc.
n—oo

Combining equation (38) and (41), we have
P(exp(ne)EZ, > Z,, > exp(—ne)EZ,) = exp(—o(n)).
(b)
According to equation (1.6.7), for any € > 0, we have
]P’(%| log Z, —Elog Z,| > ¢) < 2exp(—%n) — 0.
But we know
]P’(%| log Z,, —logEZ,| <€) > exp(—o(n)).
Thus, we must have
lim lIElog Zy = lim 1 logEZ,, = ¢.
n—soo n n—oo m

Thus, equation (44) implies that %log Z,, converges to ¢ in probability.

Remark 1. [t is essential to have the concentration of % log Z,, itself. If we only have (1.6.8) and (1.6.9),

this claim is not true. An example gives Z, ~ 1/2-6(1) + 1/2 - 6(exp(nd)).

(c)
Note that we have
E[Z}] = exp(n Sup 5:(Q)).

(47)

We need to compute supg S1(Q) and supg S2(Q). As r < 2, the replica symmetric ansatz becomes the only

possible solution. So we borrow the replica symmetric ansats calculation result here

BA i B Br(r—1)
Sy =hrb + rb"+ — 4 ———=
(@) 20 1 TR
1 rb? 1 rq 1
—log(l1 — ————) + = log(1 + ——) + =rlog(1 — q).
+ 5 log( 1+(r71)q)+2og(+17q)+27“0g( q)
For r =1, taking h = 0, we have
B A B 1 2
S = b” + — + = log(1 — b°).
(@)= e+ g log(1 =)
For r = 2, taking h = 0, we have
BN . B2 o pE, 1 262 1 9
=2 " 4+ — + — —log(1 — ——) + = log(1 — ¢~).
52(Q) 20 + 5+ 5d o+ 5 log( 1+q)+20g( 7)

Left hand side of equation (1.6.8) gives

sup S2(b, ¢) — 2sup S1(b).
b,q b

(48)



(d)

Expanding S;(b) around b = 0 gives

2 1 A
Sl(b) - % - 51)2 + g(k')

b* 4 o(b?).
As 8 and A is small, b = 0 is a local maximum of S, and is also the global maximum of S;.
For Sa(b, q), as B and A small, (b,q) = (0,0) is the global maximum of Sy. Thus, we have

sup S2(b, ¢) — 2sup 51(b) = 52(0,0) — 251(0) = 0.
b,q b
(e)
As k > 2, we have as long as S\ < y/k!/2 it holds that
2

sup $1(0) = 5,(0) =
b

However, for 8 large enough, we can also have

52 2 A 1 9
sup Sz(b,q) > sup | = + =¢" + 5 log(1 —¢%)
b s L2 2 2

B2 g% 1 2
-2 2 Zlog(1 —
2+sgp 5 +20g( q°)
2
S B

5

(52)

(54)



